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THE AFFIRMATIVE SOFUTION TO SAFEM’S PROBFEM 


SEMYON YAKUBOVICH 


Abstract. By using methods of classical analysis and special functions an old and attractive Salem’s 
problem ( posed in Trans. Amer. Math. Soc. 53 (3) (1943), p. 439 ) whether Fourier-Stieltjes 
coefficients of the Minkowski question mark function vanish at infinity is solved affirmatively. The 
coefficients d n decay polynomially, namely, d n = 0{n~P), n —> °° for some jd > 0. Moreover, we 
generalize the Salem problem, proving that the Fourier-Stieltjes coefficients of any power m £ N of 
the Minkowski question mark function vanish at infinity as well. 
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1. Introduction 


Let xel and consider the following Fourier-Stieltjes transforms 

/(*)= I" eiXt dq{t ), ( 1 . 1 ) 

Jo 

f‘ oo 

F(x) — / e lxt dq{t). (1.2) 

Jo 

Here q(x) is the famous Minkowski question mark function ?(x) = q(x). This function is defined by 
[2] q(x) : [0,1] ^ [0,1] 

oo 

q([0,a h a 2 ,a 3 ,...]) = 2£(-l) l+1 2~ L 'j= iaj ', 

i= 1 

where x — [0, «i,«2 3 • • ■] stands for the representation of a by a regular continued fraction. It is 
well known that q{x) is continuous, strictly increasing and supports a singular measure. It is uniquely 
determined by the following functional equations, which will be used in the sequel 


q{x) = 1 —q( 1 — x), x G [0,1], 
q{x) = 2q(^^j , re [0,1], 

q(x) +q (- ] =2, x> 0. 


(1.3) 

(1.4) 

(1.5) 


\jc / 

When x —y 0, it decreases exponentially q{x) — Key values are ^(0) = 0, ^(1) = 

1, q(°°) — 2. For instance, from (1.3) and asymptotic behavior of the Minkowski function near 

l 
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zero one can easily get the finiteness of the following integrals 


dq(x) < A G M, 


( 1 . 6 ) 


/ (1.7) 

JO 

Further, as was proved by Salem [9], the Minkowski question mark function satisfies the Holder 
condition 

\q(x)-q(y)\ < C\x-y\ a , a < 1, 


where 


log 2 

a =-= 0,7202+. 

21og^±i 


and C > 0 is an absolute constant. As we observe from the functional equation (1.3) the Fourier- 
Stieltjes transform (1.1) satisfies the functional relation 


f( x ) = e ix f(-x), (1.8) 

and therefore e~ lx / 2 f(x) is real-valued. So, taking its imaginary part, we obtain the equality 



where f Sl f c are the Fourier-Stieltjes sine and cosine transforms of the Minkowski question mark 
function, respectively, 

f s (x) — [ sin (xt)dq(t), (1-10) 

Jo 

f c (x) — f cos (xt)dq(t). (1-11) 

Jo 

Hence, letting, for instance, y = 2 Tin, n e No it gives f s (2nn) — 0 and f c (2nn) = d n . In 1943 Salem 

asked [9] whether d n —> 0, as n —> °°. This question is quite delicate, since it concerns singular 

functions (see [11], Ch. IV) and the classical Riemann-Lebesgue lemma for the class Z+, in general, 
cannot be applied. A singular function is defined as a continuous, bounded monotone function with 
a null derivative almost everywhere. Hence it supports a positive bounded Borel measure, which is 
singular with respect to Lebesgue measure. For such singular measures there are various examples 
whose Fourier transforms do not tend to zero, although some do (see, for instance, in [9], [10], [5]). 
In [14] (see also [3]) it was proved that for every e > 0 there exists a singular monotone function, 
which supports a measure whose Fourier-Stieltjes transform behaves as 0(t~? +E ), |t| —> °°. 

In fact, it is worth to mention that the Salem problem is an old and quite attractive problem in 
the number theory and Fourier analysis [13]. Several attempts were undertaken to solve Salem’s 
problem (see, for instance, in [1], [16], [15] ). Moreover, after appearance of the original version of 
this article [17] on Arxiv, it was noted in [7] that the solution to Salem’s problem is a special case of 
a more general result of the paper [4]. 

In the sequel we will give the affirmative solution to Salem’s problem, using the methods of clas¬ 
sical analysis and special functions. To do this, we will employ all functional equations, which 
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uniquely describe the Minkowski question mark function and establish a new integro-differential 
equation for the Fourier-Stieltjes transform (1.1). It involves, in turn, the following functional equa¬ 
tion, which is proved by the author in [16] and relates to transforms (1.1), (1.2) 

( 1 . 12 ) 


/(*) = ( 1 --jJ F W> x e R - 

Taking real and imaginary parts of both sides in (1.12), we derive interesting equalities (see details 
in [16]), which will be used below, namely 

l 

/ cosaI dq(t) 1 x G M, (1.13) 


J cos xt dq(t ) = y 


1 — 8 sin 2 (a/2) 
+ 8 sin 2 (a/2) 


I sinAt dq(t) — y 


5 — 8 sin 2 (a/2) 
+ 8sui 2 (a/2) 


sin At dq(t), x G M. 


Making a —>■ 0 in (1.14), we find, in particular, 


(1.14) 


= 5 J tdq(t). (1.15) 

1 0 

Moreover, using the functional equation (1.3), it can be proved the important equality for coefficients 

d n 


l 


d n = 2 j tcos(2nnt) dq{t). 


;i.i6) 


Indeed, we have 


jtcos(2nnt) dq(t) —— 


( 1/2 

/ 

+/ 

1 ° 

1/2 / 


[(, 1 

J 

y -2 


t-- ) cos(2 Tint) dq(t) 


t--j cos(2nnt) dq(t) — J (t — - j cos(2 Tint) dq( 1 —t) = 0. 


1/2 


Further, we give values of the important relatively convergent integrals, which are calculated with the 
use of the Parseval equality for the Mellin transform [12] and verified recently with Mathematica. It 
will be employed in Section 3 to solve the Salem problem. Precisely, according to relations (2.5.22.2) 
and (2.5.22.6) in [8], Vol. 1 the following equalities hold for a, b> 0 and 0 < jU < 2 


x^- l \ Sm r r ,( [ sin(/7A)r/A - 


X 2 F 3 


l 0 icos(aA- 

jU + 3 jU +1 1 3 5 
’’ 2’ 4’ 4’ 


2 a ( M +!)/2 

b 2 \ 2 \ b 3 

8a / 


12a^+ 3 )/ 2 


jU + l^ fcos((l -/i)^/4)l 
sin((l — ax)tt/4) J 


H + 3\ fcos((l+ J u)^/4)) 
sin((l +n)n/4) j 
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X 2 F 3 



jU + 3 3 5 7 
4 ’ 2’ 4’ 4’ 



(1.17) 



J sin(ajc 2 ) 
\cos(ax 2 ) 


cos (bx)dx 


1 fsin(/i7r/4) 1 

2<W 2 V2/ \cos(/i7r/4)J 


X 2 F 3 


( A* + 2 

p i 13 

f b 2 

4 ■ 

4’ 2’ 4’ 4’ 

\Sa 


Z> 2 

T 4«M/2+l 



Jcos(/i7r/4)'l 
t sin(/^7T/4) J 


X 2 F 3 



3 3 5 
2 ’ 4’ 4’ 



(1.18) 


Here F(z) is Euler’s gamma-function and 2 ^(<^i . OC 2 ; /3 1 , /32, ^ 3 ',—x) is the generalized hyperge¬ 
ometric function, having the following asymptotic behavior at infinity, which is confirmed with 
Mathematica (see in [6], Section 16.11 (ii)) 


2/ 7 3(OCi, OC2;/3i, 02, 03; ~*) 


r( 0 1 )r( 0 2 )r( 0 3 ) 

r(a!)r(a 2 ) 


7 

—7= cos (2v^ + 7r7) -t-0(.* r ~ 1/,2 ) + (9(.* _ai ) 4-6 >(y _ “ 2 ) 
V7T 


y —>• +°°, (1.19) 


where 


7 = 


1 1 

4 + 2 


i«i 

.7=1 



( 1 . 20 ) 


2. INTEGRO-DIFFERENTIAL EQUATION FOR THE FOURIER-STIELTJES TRANSFORM (1.1) 

In order to make the paper self-contained we begin with the proof of the relation (1.12) (cf. [16]). 
Lemma 1. Let x G R and fix), F(x) be Fourier-Stieltjes transforms (1.1), (1.2), respectively. 
Then functional equation (1.12) holds. 
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Proof. The proof is based on functional equations (1.4), (1.5) for the Minkowski question mark 
function and simple properties of the Stieltjes integral. In fact, we derive the chain of equalities 

1 CO oo 

I e ixt dq(t ) = j e ixt dq(t) — j e lxt dq{t) 

0 0 1 

oo oo 

= J e lxt dq(t) — e lx J e lxt dq (t + 1) 

0 0 
oo oo 

= J dq(t) + e" J e“ 

0 0 
oo oo 

= J e « d q (t) + e *l e « d q(JlLd) 

0 0 


oo . oo 

= je* dq(t) + YIe‘* dq(jj 
0 0 


oo 



which yields (1.12). □ 

Theorem 1. Let x 6 R+. The Fourier-Stieltjes transform (1.1) satisfies the following integro- 

dijferential equation, involving the operator of the modified Hankel transform 

poo 

= -y o Jo(2\/xy)e~ iy f{y)dy. (2.1) 

Proof Indeed, differentiating (1.12) with respect to x and using it again, we find 

= < 2 - 2 > 

where the differentiation under the integral sign in (1.2) is allowed via the simple estimate 


2 — e L 


/(*) + 


2*7(*) 

2 - e ix 


Jo 


te m dq(t) 


< / tdq{t) = 3, 


/ o 


where the latter equality is due to (1.15), (1.16). Hence, 

poo p 1 


i / t e IxT dq(t) — i / te lxX dq(t) + i / te lxX dq(t) 


to 


to 


= f'(x) + i f 
Jo 


1 Jx/t 


o t 


dq(t). 


Recalling the relatively convergent integral from [8], relation (2.12.9.3) 


Jx/t 


It 


= / Jo(2^/xy)e "■dy , x,t> 0, 


(2.3) 


(2.4) 













6 


SEMYON YAKUBOVICH 


where Jo(z) is the Bessel function of the first kind [8], Vol. 2, we substitute it in (2.3). Hence 
after the change of the order of integration and the use of the symmetry property (1.8), we combine 
with (2.2) and come up with the integro-differential equation (2.1). Our goal now is to motivate the 
interchange of the order of integration in the iterated integral, proving the formula 

^ J 0 (2 y /xy)e~ lty dy S j dq(t) = J 0 (2y/xy) ^ e~ lty dq^)^ dy , x > 0. (2.5) 

To do this, it is sufficient to justify the limit equality 

^lim J ^ j /q (2^/xy) e~ lty dy^J dq{t) — 0 (2-6) 

for each fixed positive x. Naturally, we will appeal to the known asymptotic behavior of the Bessel 
function at infinity [6], Section 10.17 (i) 


My) = \ — 

Ky 


KV K 

cos l y 2 4 


a(v) 


KV K 


sin y - — - t + 0 — 


4 


, y +°°, 


(2.7) 


where 


v 2 1 

«( v ) = y-g, veM. 


Hence, for sufficiently large Y > 0 and x > 0. I 6 (0,1), we have 

1 


Jo(2^y)e lty dy=-j=r-^J y cos(V^--Je 


k\ _ ^ dy 


.1/4 


+ 


16 y/n. 




itydy 


y 


3/4 


+ o(y~ 1 / 4 


( 2 . 8 ) 


As we will see from the estimates below and the finiteness of integrals (1.6) for various real A, in 

order to establish the limit (2.6), it is sufficient to estimate, for instance, the integral 

f 00 dy 

I Y cos (2y/xy) cos(ry)—y, 

because other integrals in (2.8) can be estimated in the same manner. With the simple substitution 
and integration by parts we have 


5 dy 

cos (2 y/xy) cos (ty) -y = 2 


'Vy 


cos 


(2yv^) cos(ty 2 )y/y dy 


cos (2vvT) sin(ty) 1 


tY 1 / 4 


2 tJy/F 


sin (ty 2 ) 


cos (2y x /x) 


y 


+ 4 v /xsin(2y v /x) 


dy 

vy 


2 y/x 


I sin(ty 2 )sin(2yy/x)—+ 0 (t l Y . 

Vy y/y V ) 





sin(cy 2 ) sm(2yVx)— — O (t 2 Y 3//4 
r V 


<Vy 


cos (ty 2 ) 


3sin(2y-</x) 


+ 4\/xcos(2 yV*) 


dy 

yM 


Similarly, 
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= o( r 2 Y ~ 1/4 


Consequently, 


3 dy 

cos (2y/xy) cos(ty)-^ J 


= o y 


-1/4 


t l dq(t) + t 2 dq(t ) 


= 0 y 


-1/4 


, y-^' 


Therefore, treating in the same manner other integrals from (2.8), we get equality (2.6), completing 
the proof of Theorem 1. □ 


Remark 1. A similar to (2.1) integro-differential equation for the Fourier-Stieltjes transform (1.1) 
with the derivative f'{x) inside the modified Hankel transform [12] was exhibited in [1]. However it 
did not lead to the solution of the Salem problem. 

Corollary 1. Let n e N. The values d n = f(2nn) and 

r l 


c n — / t sin(2 7lnt)dq(t) 

Jo 


(2.9) 


have the following integral representations in terms of the modified Hankel transform 


d n = ^J o Jo (ly/lnnyj f s (y)dy, (2.10) 

c n = Jo (2y/2my) f c (y)dy, (2.11) 

where f s (x). f c (x) are the Fourier-Stieltjes sine and cosine transforms of the Minkowski question 
mark function (1.10),(1.11), respectively . 


Proof Indeed, substituting in (2.1) x = 2nn, we have 

f'{2nn) + 2 id n = ~J J o (j-V 2nn y) e ~ iy f(y)dy- 

In the meantime, it is not difficult to show, recalling (1.16), that 

f'{2nn) — i f te 2mnt dq(t) = i [ tcos(2nnt) dq(t) 
Jo Jo 


Hence, 



sin(2 tint) dq(t) 


1 

2 dn c n . 


5 

2 


id n c n 


j Ju ( 2 v 2,T?fvj <’ ,y f(y)dy. 


( 2 . 12 ) 

(2.13) 


Now taking the imaginary and real parts of both sides of the latter equality in (2.13) with the use of 
(1.3), we end up with (2.10), (2.11). □ 
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3. Solution to Salem’s problem 


The main result is the following 

Theorem 2. The answer on Salem’s question is affirmative. Moreover, there exists some /i > 0 
such that 

d n — O (n~ 4 ), n —» °o. 

Proof. Indeed, taking (2.10), we write 

^ d n = J Jo( 2 y/ 2 nnyj f s (y)dy + J Jo ( 2 y/ 2 nnyj f s (y)dy = h(n) +h(n). (3.1) 

From the inequality ffix\J v (x) < C, y > 0, where C > 0 is an absolute constant, it follows that I\(n) 
converges absolutely and uniformly with respect to n. Therefore I\(n) —> 0, u —°o. Concerning the 
integral Tin), we appeal to the asymptotic formula (2.7) for the Bessel function and recall (1.10) to 
get the equalities 

h{n) = J Jo (2y/2 Tinyj f s (y)dy 


1 


16^(2 Kn) 3 / 4 


hjwL £) (/ 0 ^ 

J sin [isJ'l'Kny — ■ 


sin(yt)<7^(t)^ ^ 


+0 


(ij sin CyO^(o) -it*) =hi( n )+ l22 ( n )+ l2 3( n )- (3.2) 


Hence 


C 


-5/4 


, n —y 


\h3(n)\ <-^ 5/4 j Q d d(t) = 0 [ n ~ 

where C > 0 is an absolute constant. Further, going backwards by the interchange of the order of 
integration in the integral I 22 for each n as in the proof of Theorem 1, we write it in the form 


hi{n) 


I 


1 


\S^/n(lTin) i l A 


J | sin (ly/lTiny- 7 ^ ( j sin (yt)dq(t) 


dy 

TpT 4 


16(27T) 5 /4/7 3 /4 Jo 


dq{t) 


sin [2\j2Tiny^j — cos (2^2my)] sin (yt)^, (3.3) 


where by virtue of the absolute and uniform convergence with respect to n e N and t e [0,1] 

1 


16(27t) 5 / 4 /7 3 / 4 Jo L 


sin (2y/2nny \ — cos (2\J2 ti ny\ sin(yt) ^ 


y 


,3/4 


— O [n 3 / 4 j , n —» °°. (3-4) 

In the mean time, the corresponding relatively convergent integral (3.4) over (0,°°) is calculated via 
equalities (1.17), (1.18), letting there a — t/ (27m), b — 2, fi — 1/2. In fact, making an elementary 
substitution, we find 


1 


16(27t) 5 / 4 /7 3 / 4 Jo 


sin 


2 \J~2tzny 


cos 


2 y/2jrny) sin(yt) 


dy 

TV 4 
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1 f 

8(2tt) 3 / 2 /7 Jo 

1 


[sin (2y) — cos (2y)] sin ( y 


2 1 \ dy 


8(2^) 3 /4 /7 l/4 f 3/4 r ^ 4y ) COS V 8 


K 


2 F 3 


2 nnJ yl/2 


7 3 1 3 5 / nn \ 2 

8’ 8’ 2’ 4’ 4’“ W / 


(2^) 1//4 n 3 / 4 1 
12 f 7 / 4 


37T 


r 7 cos -5" 2 F 3 - 5 -, 


11 7 3 5 7 


8 ’ 8’ 2’ 4’ 4’ 


16 (2^)5/4 n V 4 t 1/4 


7T 


5 1113 


r ( - ] sin(-)2-F3 (g, j; j, 


«>/ 4 
8(2tt) 1 / 4 r 5 / 4 ' 


n 


9 5 3 3 5 


r 7 cos ^ 2^3 o ’ O; O > 7; - — 


8 8 2 4 4 


7T/7 j 2 


TT/7 \ - 
t ) 


7ln\‘ 


t J 


(3.5) 


Hence, appealing to the asymptotic formula (1.19) and calculating the corresponding parameter yby 
formula (1.20), we establish the asymptotic behavior of the right-hand side of the latter equality in 
(3.5) when n —> co and t G (0,1). In fact, taking the contribution of each hypergeometric function, 
we obtain 


2F3 


p 

3 

1 

3 

5 / 7T77 \ 

V 8’ 

8’ 

2’ 

4’ 

4’ W ) 


r(3/4)r(5/4) / nn \ ~ 3 /4 
r(7/8)r(3/8) vT ) 


cos 


2 nn 3 n 
~t 8~ 


+0 




-3/4 


(3.6) 


2F3 


11 7 3 5 7 _ 
T’ 8’ 2’ 4’ 4’’ 


nny 2 ' 

t) i = 


+0 


r(5/4)r(7/4) rnny 2 / 4 _[2nn In 


2r(ll/8)r(7/8) V t ) 

n\-V 4 N 
t ■ 


cos 


V t 


(3.7) 


2^3 


{5 

1 

1 

1 

3 

(ny 

V 8’ 

8’ 

2’ 

4’ 

4’ 

\ t ) 


7T/7^ 2 ^ _ r(l/4)r(3/4) yTT/7^-1/4 {2jUl 7T 
“ r(5/8)r(i/8) vT/ cos 


V t 


2 F 3 


P 

5 _ 

3 

3 

5 

/ nn \ 

V 8 ’ 

8’ 

2’ 

4’ 

4’ 

l * ) 


+0 

2 ' 


77 \ —1/4 
t 


(3.8) 


r(3/4)r(5/4) /2T/7\ — 5/4 / 2nn 5n 

1 ' cos 1 


+0 


2r(9/8)r(5/8) 

«r" 


V ? 


(3.9) 


Hence, combining with (3.5) it is not difficult to see that its left-hand side is 0(n 1 ). 77 —* °° uni¬ 
formly by t E (0,1). Therefore, recalling (3.3), (3.4), we find the estimate 

/22M = O f/2“ 3/4 ' 


, 77 —> 00 . (3.10) 

The main obstacle is to estimate the integral hi (77) in (3.2). To do this we represent it in the form 

hl{ " ) = l “ s ( 2 v^7-f) (/ o ‘sm(,«V?w)4L 
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1 


2y/n(2nn) 1 / 4 

1 


l d ^J jj-. 


dq(t ) / sin (2 \J2Tiny — yt — 


n\ dy 


2^n{2nn) l / A Jo 
But the derivative of the function h(y) — l^lnny + yt — f 

h'(y) = i/—+ r, y > 1, t e (0,1) 


y 


1/4' 


(3.11) 


is monotone decreasing. Therefore via lemma of Section 1.12 in [12] 


l ™( 2 v/2^+X-f) ^j = 0 (max 


/ 27T/7 


+ 1 


= 0 


Consequently, 


bmyr* Jo dq{,) L sin ( 2 ' / ^ :+3 "-f) E7J = °(' , ’ 1/4) ’ 


2\fn(2nn) 1 / 4 Jo n ’ Ji \ v J AJ v 1 
Returning to (3.11) and employing (1.8), we estimate the integral 

1 


n —^ °°. 


2^(2707) ! / 4 
1 f 1 


J 0 d ^)J M^Vz^y-yi-j) jrt 


Myfn(2nn) x l A 

1 


c/g(t) f exp fz (l^Jlnny — y(l — t) — 


7T\ \ <iy 


4/ v /^t(2^/7) 1 / 4 


j" dq(t) exp ^z ^ +>’(1 -t)-2y/2nny 


yl/ 4 
dy 

y74- 


(3.12) 


Let us examine the first inner integral with respect to y in the right-hand side of the equality (3.12). 
Indeed, the derivative by y of the function 


<Pn(y,t) = 2\j2nny — y(\ —t) - ^ 


vanishes at the point 

and the second derivative 

Let 


yn(t) = 


Inn 

(W 


r, f6(0,l),«6N 


<iyn) = 


(1 -tf 

Ann 


p{n)=nZ, 

Then for any u £ R such that \u\ < p(n) and n is big enough 


(3,13) 




(l-<) : 

47TZ7 


1-1 + 


Inn 


2 \ -3/2- 


< A (1 — ty n 


5 ^-2 


(3.14) 




































SALEM'S PROBLEM 


11 


where 0 < u < p(n) and A > 0 is an absolute constant, 


\(pn(yn + u,t)-(p"(y n ,t)\ < 


:i-o- 

4 Tin 


1- 


I u\(l-t) : 

2 Jin 


2 \ -3/2 


-1 


<B (l-ty n 




(3,15) 


where — p(n ) < u < 0 and B > 0 is an absolute constant. Now splitting the first inner integral with 
respect to y in the right-hand side of (3.12) (say, G+ (/)) on three integrals, namely, 


1 


dy 


1 


° n 4iy/n(2nny/*Ji ex P y/4 4i v ^(2^«) 1 / 4 


—p(n)+y n dy 


= G+M + G+(0 + G+M (3.16) 


fP{n)+y„ dy r°° dy 

+ exp {i%{y,t))-^ + exp t)) —^ 

J-p(n)+y n y L/ Jp(n)+y„ y 

we estimate each of them separately. In fact, integration by parts gives 

-4,y n(2n)^au,)=-i m- i/4 exp( ;f' ( y )) —Lj r p{ " )+y - ex p ( ^fa;> ) 

<0,0 i 4n 1 /4,/ 1 <(y, 0 y 5/4 


<iy 


i r-PW+y* exp (ityniy-, t)) (p"(y ,0 


c/y. 


n 1/4 A «0,0)V /4 

Hence, taking into account the integrated terms and the value of the second derivative 


< 0,0 = - 


7ln 

27’ 


we end up with the uniform estimates 


exp (i(p n {y,t)) 


y 1/4 <Ph(yd) 


-p(n)+yn 


-p(n)+y„ exp (i<Pn(y,t)) 


dy 


= o (n^ 1 / 2 ) +o ((i -t)- 5/ V /4_5 ), 

-p(ri)+y n 


< (2 Tin) j 


l-(l-t) 


■plCy.OW 4 

= oU l - ip V/ 2 -«) + o ((l - i)- 5/ V /4 - ? 


27Tn 


dy 

^7? 


-P(» l + , » exp(iij)„(y,<)) 

y ,/4 


dy 


< 


-p(n)+y„ q>"(y,t) 


(<0,00 


dy 


= 0 


(/.- i / 2 )+o((i-<r 2 « l/2 -«). 


Returning to (3.16), we find, correspondingly, the estimate of G^(f). Hence, calling (1.7) and 
combining with (3.12), we have 

^ Gl n (t)dq(t) = O (n~ 3 ^ 4 ^)+0 (n l / 2 ~^ (1 -t)~ 5 ^ 2 dq{t) S j 
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+ 0 


(« 1/4 ^ j (1-0 2 dq(t)) = 0(n V), 


p > 0, n —> oo 


(3.17) 


because ^ e (1/2, 5/8) (see (3.13)). 

In the meantime, for sufficiently big n and y e [y n + p(«), °°) 


12 nn 


\<ph(y,t )| = l-f-W — > l-t- 

(1—t) 3 /! 1 ’ ( I 2nn 


2 nn 


y,i+p(n ) 


+ 1 >C(l-t) 4 n 




27Tn + (1 — t) 2 n^ l V 27m + (1 — t) 2 n% 
where C > 0 is an absolute constant. Then we do a similar analysis with the third integral 

dy 


= i 


-4i0r(27r) 1/4 G^(O= / exp(i<p„(y,0) y , 

Jp{n)+y„ \nyyi 

exp(fy„(y H + p(/i),Q) _ i _ r°° exp(f^,(y,Q) 

J n(p(n ) +y»)) 1/4 fl , nCv« + PW>0 4 ^ 1/4 <Pn(y, 0 ^ 5/4 


Jy 




n 1 / 4 

and, correspondingly, 


poo 

Jp(n)+y„ 


exp {i%{yd)) <p"(y,Q 

MM) 2 y‘> 4 


dy = 0[{l-t)-* ll n 


—5/2 1/2—^ 


G^ n {t)dq(t) — O {n , p > 0, n °°. 


(3.18) 


Concerning the integral G/) ; (t), we have by virtue of the Taylor formula when y e [y„ — p(n), y„ + 

P(»)] 

<p„(y,t) = <p w (yu,0 + ^<Pn (*Cy,«,0)(y-y«) 2 > 

where |y„(f) —fi(y,«,t)| < p(n) for all t e (0,1). Hence using the elementary inequality |1 —e ,e | < 
101, 0 6l, estimates (3.14), (3.15) and elementary substitutions, we write 

_ ,, rp{n)+yn dy 

-Myf%{2%) x ^G\ n {t) = / exp(/(p ;i (y,t)) ' 4 

J-p{n)+y„ ( n y) 1 ' 


exp (i(Pn(y n ,t)) rP(") 

J-P(n) 




ex p ( ^ ?>"(%,»,0)y 2 ] _ex p(^ ^h{ynd)y 2 


dy 


(y+yM 


() difii 


and since 
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rp{n 
-p( n ) - 


ex P ( \ <P"(Hy,n,t))y 2 ) -exp Q <p"( y n ,t)y 2 


dy 


< 


CP( n ) 

-Pi") 


exp (\ Wn (%, aO )- <p" ( y n ,t)\ y 2 ) -1 


dy 


(y+y»Y 14 


. ( y+y „) 1/4 

<a(i-i ) 5 - 5 « 4? - 9/4 , 


where A > 0 is an absolute constant, it gives via (3.13), (1.3) 


f I J /■ 1 y/^" 

/o ^ 2 '^ ^ 4i^/7r(2nn ) 1 / 4 Jo J-rfi (t 2 y+ 2 nn ) 1 / 4 


x exp —z 


t 3 V 2 27T/7 7T 
+ - 


dy d#(?) + O (zz , /i > 0, zz —>• °o. 


(3.19) 


8tt/l t 

Meanwhile, with the use of the second mean value theorem there exists 7 ] e [—zz*’, nJ] such that 


1 


1 


-rfi \_(t 2 y + 2 nn) l / A (2 nn ) 1 / 4 


t 3 y 2 i 

exp '-^l^= 


(27Tzz) 1//4 (27T« — t 2 n^) 1 / 4 {{2%n — t 2 nfc) x l A 


-t-(27Tzz) 1//4 ) (( 2 %n - t 2 n “=) 1//2 + (2 Tin ) 1//2 


-l m 


t y exp 


t 3 y 2 A ( 1 

' dy — O 


l-rfi ' * V 87TZ7 y Vtn 1 / 4 

uniformly by t € (0,1). Hence, minding (3.17), (3.18), we write the first iterated integral in the 
right-hand side of (3.12) as 


G+(t)dq(t) 


- 1/2 


1 r 1 


2 iyfn( 2 Tz) l l 2 


0 Jo 


\/t exp —z 


t 3 n 2 ^y 2 


2 nn K 
87T t + 4 


dy dq(t) 


+0 (zz , n —> co. (3.20) 

Now, estimating analogously the integral 

1 dy 

g(,) = 4V«(2».)W , “P HftfcO) ^ 
the second iterated integral in the right-hand side of (3.12) becomes 


G n (t)dq(t) 


nJ ~ 1 ! 2 r 1 r 1 r 

2z v ^(27t) 1 /2 To ,/o ^ exp 


8tt 


2zrzz zt 



dy dg(t) 


+0 (zz ^), zz —)■ o°. (3-21) 

Thus taking into account (3.1), (3.2), (3.4), (3.10), the latter equalities (3.20), (3.21) drive us at the 
following asymptotic equality 
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5 n ^" 1 / 2 [ l f 1 r- . It 

2 kV2 Jo Jo \ 8 tt 


3 n 2 ^ x y 2 2 nn n 


+ — ] dy dq(t) + O (n , n —>• (3.22) 


Exactly the same analysis can be done, concerning equation (2.11), involving Fourier coefficients 
(2.9). We omit the details, writing the final asymptotic equality 


Cn — 


V E 2 fi fi n (t 3 n 2 ^ x y 2 2nn n 


n\fl Jo Jo 


Vt 


cos 


Sn 


-—f — j dy dq{t) +0 (n , n —> 


Hence, 


(3.23) 


5 . n “= l / 2 f l f l r- (t 3 n 2 ^ l y 2 2 nn\ 


~d n 3 ~ Cn — 

2 n Jo Jo 


Vt cos ( — 


Sn 


—J dy dq(t) + O (n , n 


(3.24) 


5 V x ! 2 r . It 3 n 2 ^ l y 2 Inn i , 

-d n —c n — —-— / / Vt sin ( -—-— ] dy dq{t) + O (n , n —(3.25) 


2 n Jo Jo 

Writing (3.24) in the form 

-d n 3“ Cn = 


8 n 


5 . 2y/2 V (2nn\ 1 1/2 2 


VJt Jo 


cos 


t J t Jo 


cosy dy dq(t) 


2 V 2 V . (2 nn\ 1 V' 2 ^ 1/2 /^ . 2 . . . -U\ 

sin ( - I - / siny 2 dy dq(t) +0 [n , 


V~tt Jo \ t J t Jo 
using the fundamental trigonometric identity and observing that 


we have 


cosy" 

/fW- 1 / 2 /-^ 1 siny 2 


L cosy2d},= Jo sin/ ^=2vf' 

dy 


cosy I dy 
dn 2 ^~ l /8 k 1 siny J yfy 


2 V 2 


cosy 
ldn 2 ^~ l /8n 1 siny 


dy 



- V f 3 




(3,26) 


V ^ 2 (2nn\ r 1//2 . (2nn\ r 

5J„ 3-2c„ = —-— / cos ( —— ) vt rfg(t) 3-/ sin - vt <i<?(t) 


n Jo \ t 


n Jo 


+0 (n 


Analogously, from (3.25) we find 





























SALEM'S PROBLEM 


15 


n^ (2nn\ r rfi . (2 nn\ r 

5a„ — 2c„ = —-— / cos ( —— ) y f < 2 * 7 ( 7 )- / sin - y 7 dq{t) 


71 Jo \ t 


71 JO 


+0 (n , n — * oo. 


Hence, 


^/~ /*i / 2tzyi \ r- 

d„ — —-- / cos ( - I y7 * 7 * 7 ( 7 ) + 0 (n -/i ) , n —> °°. 


_ v . ■ - (3.27) 

5n Jo \ t ' 

The left-hand side of (3.27) does not depend on £ e (1/2,5/8). Therefore, writing (3.27) for some 
(§i>(§ from the same interval and then subtracting the previous equality, we obtain 


^ 1 - 1/2 


1 -#!«"& 


COS 


2 Tin 


\fi dq[t ) — 0{n w ), n —■ 


for some positive /li. Hence, 


/ 2nn 


/ COS , 

/o V t 


\ft dq(t) — O 


, 1 / 2-6 


1 ) , n —)■ oo 


and (3.27) yields d n — 0\ ^ ), n —>■ °°, E, < completing the proof of Theorem 2. 


□ 

Furthermore, the Salem-Zygmund theorem [18] shows that d n — o(l) implies that the Fourier- 
Stieltjes transform (1.1) f(t) — o(l), |7| — > Together with author’s results in [16] it leads us to an 
immediate 

Corollary 2. Let k E N. Then the Fourier- Stieltjes transforms (1.1), (1.2) of the Minkowski ques¬ 
tion mark function and their consecutive derivatives f^ 1 (x). (jc) vanish at infinity. 

Finally, denoting by 

d n m — [ cos(2 Tint) dq m (t), m E~N (3.28) 

Jo 

the Fourier-Stieltjes coefficients of the power q' n (t), we establish the following 
Corollary 3. We have d n _ m — o(l), n — y °o. 

Proof Appealing to the principle of mathematical induction, we see that d n \ = d n — o(l), n —> °°. 
Hence assuming that d n ^ — o(l), n —y °°, 1 < k < m, we will prove that d nm+ \ — o(l), n —y °°. To 
do this, we recall (1.3) to have the equality 

m+l\ ^fm+ 1 


'"+1 i i \ ri « h-i 

E(-D‘ . / cos(2 ra <)V(l-<)= E(-l)‘ +1 

k= 1 V K / Jo k= 1 


dn,m +1 

Consequently, if m is odd, we find from the previous equality 

y+i fm+ 1 


J-n.k- 


1 77? 

Z fc=l 


^»,k = 0(l), 


(3.29) 
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When m is an even number, we write 

m f m I 9\ 

2d n , m+2 -{m + 2)d nj m+i = £(-l)* + k J d n ,k = o(l), n -A °°. (3.30) 

Meanwhile, since m + 3 is odd 



or 

m / m _|_ 3 \ 

(m-\-3)dn : m+2 — (m + 3)(m + 2)rf„ ]W _|_i = £(-l) A ' +1 ^ ^ J4,k = tf(l), n -A 
The latter equality means 


Hence, with (3.30) it gives 


dn,m +2 (mT '2.)d nm j r \ o(l), n y °°. 


(rn + 2)d n , m+ i = o(l), n -)• oo 


and therefore d , lt , n+ 1 = o( 1). n —°o. 


□ 
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